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ABSTRACT: We study theoretically the adsorption of semiflexible charged polymers on an oppositely
charged flat substrate. We restrict ourselves to polymers with relatively high line charge density = and
bare bending stiffness lo, such as DNA or fully charged synthetic polyelectrolytes, for which the condition
lglo > 1 (with Iz = e?/4meksT denoting the Bjerrum length) is satisfied. In this case the effective bending
rigidity (which includes chain stiffening due to electrostatic monomer—monomer repulsion) is always
larger than the screening length, and we obtain very thin adsorption layers, where the polymers essentially
lie flat on the surface and can be considered as a two-dimensional layer. We distinguish different adsorbed
phases, including a two-dimensional lamellar phase where the polymers run parallel and do not overlap
and a disordered phase where the polymers form a random network with multiple crossings. By explicitly
including lateral correlations within the adsorbed layer, we find a regime of strong charge reversal, where
the adsorbed phase exhibits a much higher surface charge density than the substrate and thus reverses
the charge of the substrate by a factor much larger than unity. This charge-reversed regime is
characterized by a typical distance between polymers larger than the screening length. We explicitly
take image charge effects due to a dielectric jump at the substrate surface and the impenetrability of the
substrate for salt ions into account. These effects lead to an increase of the electrostatic persistence length
close to the substrate and inhibit adsorption for strongly charged polymers and low-dielectric substrates.
At the end, we present some scaling arguments for the formation of charge-oscillating multilayers.
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I. Introduction

Polyelectrolytes are polymers built of monomers
which (upon dissolution in water) acquire an electric
charge. Because of the entropy associated with counter-
ion release, they are soluble in water, which explains
their widespread use and applications.!™2 The long-
range character of the electrostatic interactions gives
polyelectrolytes very specific properties which are only
partially understood from the theoretical point of view.*
Experimentally, the adsorption of charged polymers on
charged or neutral substrate has been characterized as
a function of the polymer charge, chemical composition
of the substrate, and pH and ionic strength of the
solution.5~7 The adsorption on charged membranes8—11
or monolayers'?13 allows in addition to control the
substrate charge density but also leads to additional
effects which have to do with the fluid nature of the
substrate!* and the possibility of three-dimensional
ordered structures.’® Repeated adsorption of anionic and
cationic polyelectrolytes'® can lead to well-characterized
multilayers.17~19 Theoretically, the adsorption of poly-
electrolytes on charged surfaces poses a much more
complicated problem than the corresponding behavior
of neutral polymers. The adsorption process results from
a subtle balance between electrostatic repulsions be-
tween charged monomers, which leads, inter alia, to
chain stiffening, and electrostatic attractions between
the substrate and the polymer chain. Early theoretical
studies employed numerical mean-field methods, which
use a discrete lattice model for the polymer.20=22 The
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same problem was also treated with the uniform expan-
sion method?® and various continuous mean-field
theories.?*=27 In all these works, the lateral polymer
distribution is treated as homogeneous.

In this paper we treat the adsorption of semiflexible
polyelectrolytes on an oppositely charged planar surface,
allowing for laterally ordered adsorbed phases and
thereby including lateral correlations. The attractive
electrostatic interactions between the polymer and the
substrate are changed by varying the polymer linear
charge density, the surface-charge density of the sub-
strate, and the ionic strength of the solution. Image
charge effects, which arise because the substrate has
in general a dielectric constant different from that of
the polymer solution, turn out to play an important role,
and for low-dielectric substrates they induce desorption
if the polymer linear charge density is too high. The
intrinsic stiffness of the chain is another parameter that
is varied. We treat all electrostatic interactions on the
Debye—Huckel level, but as we show below, there is a
large range of salt concentrations for strongly charged
polymers where this is a valid approximation. The
entropy of counterion release (which has been shown
to favor complexation?®) is therefore only captured on a
linear level. We first investigate the adsorption of a
single semiflexible polymer (section I1.A). If the screen-
ing length is smaller than the effective persistence
length of the polymer (which is the limit we always
consider in this paper), we find that there is a maximal
layer thickness which can be reached of the order of the
screening length. The polymer thus forms, in general,
a flat adsorption layer without loops. In section 11.C we
take into account many-chain effects by considering
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different adsorbed surface phases, including a lamellar
phase with predominantly parallel polymers and a
disordered phase with many chain crossings. The gen-
eral trend that comes out of the calculation is that, for
an adsorbed phase with typical distances between
neighboring polymers smaller than the screening length,
we can neglect lateral correlations and instead represent
the adsorbed phase by a homogeneous, smeared-out
phase, which is equivalent to a mean-field approxima-
tion. In this case there is only marginal charge reversal
(up to 14%). If, on the other hand, the lamellar spacing
becomes larger than the screening length, we find what
we call strong charge reversal, where the adsorbed
surface charge density can be many times the substrate
charge density. In section I11 we present a typical phase
diagram, featuring the lamellar, strongly charge-
reversed phase and a charge-compensated adsorbed
phase. Recent interest in the effect of charge reversal
has been stirred by new techniques of multilayer
formation.1”-18 For thin adsorbed layers, strong charge
reversal is a prerequisite for the adsorption of a second
layer of oppositely charged polymers. However, charge
reversal is also important for controlled flocculation of
colloidal suspensions. In section IV, we present some
rough scaling arguments for the formation of multilay-
ers. We first show that multilayers cannot form if the
typical mesh size within the multilayer is smaller than
the screening length. For the opposite case, we obtain
a formula which gives the surface charge density of the
adsorbed layer as a function of the surface charge
density of the previous polymer layer. This formula acts
as a nonlinear map and shows a stable fixed point at a
polymer mesh size corresponding to the persistence
length. The last section presents concluding remarks
and raises some open issues.

1. Adsorption Model

A. Adsorption of a Single Semiflexible Polymer.
In this section we discuss on a scaling level the adsorp-
tion behavior of a single semiflexible charged chain on
an oppositely charged plane, which is a slight modifica-
tion of the analogous results obtained for flexible
polymers.?® As is discussed in details in Appendix A, a
charged polymer (with 7 unit charges per unit length)
is subject to the electrostatic potential created by the
homogeneous charge distribution on the substrate sur-
face (carrying o unit charges per unit area), eq A6,
which is attractive for an oppositely charged substrate.
We consider the potential in eq A6 as the driving force
for the adsorption. There are also more complex interac-
tions due to the dielectric discontinuity at the substrate
surface and due to the impenetrability of the substrate
for salt ions. The resulting interaction is repulsive for
a substrate dielectric constant ¢ smaller than the
solvent dielectric constant € and is explicitly displayed
for €'/e = 0 in eq A9 and for €'/e = 1 in eq A10 (for the
case of adsorption on a metallic substrate, characterized
by €'le = o, there is also the possibility of an attractive
self-energy which could induce polyelectrolyte adsorp-
tion on noncharged substrates or on substrates bearing
charges of the same sign as the polyelectrolyte; this case
we do not explicitly pursue in this paper).

In the following we concentrate on substrates with a
dielectric constant much lower than that of water, in
which case eq A9 is a good approximation. As it turns
out later on, the adsorbed layers are always thinner
than the screening length; the repulsion due to image
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Figure 1. (a) Schematic picture of the adsorbed polymer layer
when the effective persistence length is larger than the layer
thickness, ler > 6. The distance between two collisions of the
polymer with the substrate, the so-called deflection length,
scales as 1 ~ 6%®l. (b) Adsorbed layer for the case when the
layer thickness is larger than the persistence length, in which
case the polymer forms a random coil with many loops and a
description in terms of a flexible polymer model becomes
appropriate. For a screening length smaller than the polymer
persistence length, we only find flat adsorbed layers as
depicted in (a).

charge effects per unit polymer length can thus be
written as

fin = lg7” Ko[260] = —1g7® In(2k0) (1)
where 6 denotes the width or typical distance of the
polymer from the substrate surface and lg = e%/4mekgT
the Bjerrum length. Note that in this paper all interac-
tions and free energies are measured in units of the
thermal energy kgT. Using the DH electrostatic poten-
tial distribution of a homogeneously charged plane as
given in eq A6, Vpiane(z) = 4nlgox e, and assuming
that the adsorbed polymer layer has a homogeneous
vertical density distribution over its entire width 9, the
electrostatic attraction per polymer unit length can be
written as

Ok
e )

4algot .5 dz 47l gor(l — e
fatt == K 0 F e - (3/(2 (2)

Due to the confinement in the adsorbed state, the
polymer feels an entropic repulsion. If the layer thick-
ness ¢ is much smaller than the effective persistence
length of the polymer, let, as depicted in Figure 1a, the
polymer does on average suffer one collision per deflec-
tion length 1. As shown by Odijk, the deflection length
scales as 1 ~ 0%3l2 and is thus larger than the layer
thickness o but smaller than the persistence length les.2°
The entropic repulsion follows in a simple manner from
the deflection length by assuming that the polymer loses
roughly one kgT per deflection. If on the other hand the
layer thickness is larger than the persistence length,
as shown in Figure 1b, the polymer forms a random coil
with many loops within the adsorbed layer. For a
contour length smaller than L ~ 6%/l¢ the polymer obeys
Gaussian statistics; beyond this length scale the poly-
mer decorrelates into blobs with an entropic cost of one
ksT per blob. The entropic repulsion per polymer unit
length is thus®

167314 Il O)

for 0 < |
frep ~ |0
€

for 0 > |4

©)

where the logarithmic cofactor (which is rather unim-
portant for our scaling arguments) arises because
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deflected stiff polymer segments show large angular
correlations. As shown in Appendix B, there is a
modification of the electrostatic stiffening of a charged
polymer close to a solid substrate which takes into
account the dielectric jump and the impenetrability of
the wall for salt ions. As a result, the electrostatic
persistence length is increased by a factor of 2 and
contains a logarithmic dependence on the screening
length. In Appendix C, we discuss in details how the
effective persistence length | depends on the screening
length and the line charge density; in essence, one has
to keep in mind that the effective persistence length is
for a wide range of parameters larger than the bare
persistence length due to electrostatic stiffening effects.
Let us first calculate the layer thickness and neglect
for the moment image-charge effects; we will later take
image charge effects into account. The equilibrium layer
thickness follows from a minimization of the sum of eqs
2 and 3. For large salt concentrations (or rather stiff
polymers) and small layer thickness, 0 < k™1 < legr, We
obtain

In[lgotle1)*" .
~ | 13 (4)
gO0Tlog

For larger layer thickness, k™1 < § < lg, the attraction
in eq 2 goes like fyt ~ —0~1 and the repulsion ineq 3 as
frep ~ 0723, It is clear that there is no stable minimum
for this range of layer thicknesses. At a layer thickness
corresponding to the screening length one therefore
encounters for stiff polymers (characterized by « < l¢)
a discontinuity at which the polymer desorbs abruptly.
This is in accord with previous transfer-matrix calcula-
tions for semiflexible polymer bound by short-ranged
(square-well) potentials.31732 It should be clear that for
long enough polymers, the desorption transition is—at
least in the asymptotic limit—continuous. But the
crossover from discontinuous to continuous can be very
slow and, for stiff polymers, unobservable experimen-
tally. Setting 6 ~ «~1 in eq 4, we obtain as the adsorption
threshold (for «less > 1)

5/3
K

Oads ~ T3 (5)
R W

For o > 0a4s the polymer is adsorbed and localized over
a vertical width smaller than the screening length (and
with the condition le¢ > «% also smaller than the
persistence length). At o ~ 0,45 the polymer discontinu-
ously desorbs. Let us now consider the limit leg < «~1.
From eq 4 we gather that the layer thickness is of the
order of the persistence length for lgotles? ~ 1, at which
point the assumptions made in deriving eq 4 break
down. If the layer thickness is larger than the persis-
tence length but smaller than the screening length, les
< 0 < «71, the prediction for the layer thickness
(obtained from a minimization of the sum of eqs 2 and

3) becomes
logr \2/3
0~ (|BO‘L') ©)

From this expression we see that the layer thickness
becomes of the order of the screening length for
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which in fact denotes the location of a continuous
adsorption transition at which the layer width grows
to infinity.3* The scaling results for the adsorption
behavior of a flexible polymer, eqs 6 and 7, are in
agreement with previous results.?® Balancing now the
image-charge repulsion eq 1 with the attraction eq 2,
we obtain for the equilibrium layer thickness

0~ ®)

z
(o2
The layer thickness becomes of the order of the screen-
ing length for a substrate charge

Oads ™~ TK (9)

which denotes the desorption transition due to image-
charge effects.

In the following, we only consider strongly charged
polymers, defined by the condition z(l gl 9)¥2 > 1. The
adsorption transitions are defined by eqs 5 and 9, and
the adsorption mechanism via the formation of a thick
layer of loops, determined by the adsorption threshold
eq 7, is never observed. The repulsive forces are
dominated by image charge effects for o < oim with

O ~ |33/2 |eﬁ1/2 . (10)
as follows by comparison of the layer thicknesses in eqs
4 and 8. The higher the line charge of the polymer, the
higher this crossover substrate charge density.

One can also show (taking into account that the
persistence length Il must be calculated at a length
scale given by the deflection length) that the effective
persistence length at the desorption threshold is the
bare persistence length lo.

B. Debye—Huckel Approximation. In this paper
we confine ourselves to the Debye—Hduckel regime,
where the electrostatic potential acting on an elemen-
tary charge is smaller than kgT everywhere, including
the substrate surface and the surface of the polymer
chain. In this regime, the superposition principle for the
electrostatic potential is valid, and therefore, all elec-
trostatic interactions can be calculated by pairwise
summation of the screened Coulomb potential vpy(r, r')
as defined in eq A2. If the electrostatic potential
becomes larger than kgT anywhere in the system, one
in principle has to solve the full nonlinear Poisson—
Boltzmann equation, which is a formidable task in all
but the simplest geometries. We therefore exclude
strongly charged surfaces and strongly charged poly-
mers, for the merit of a consistent and accurate treat-
ment of electrostatic interactions. As we show in this
section, and contrary to what seems to be commonly
believed, there is a wide range of salt concentrations
where the Debye—Huckel approximation is valid, even
for strongly charged polymers which are above the so-
called Manning threshold (defined by zlg > 1).

For a charged planar surface of uniform charge
density o, the reduced electrostatic potential at the
substrate (relative to the bulk potential infinitely far
away from the surface) is within DH theory given by
Vpiane(Z = 0) = 4nlgox—! (compare eq A6). The limit of
applicability of DH theory, defined by Vpjane(z = 0) < 1,
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is therefore (neglecting constants of order unity) given
by

o< Ii (11)
B

For a cylinder of radius D and surface charge density
7/(27D) the surface potential is given by eq Al2 and
reads Vg(r = D) = 2IgtKo[«D]lo[«D], where Ko and I
denote Bessel functions. Again, the limit of applicability
of DH theory is defined by the condition V¢, (r = D) <
1. For xD < 1 the asymptotic behavior of the cylinder
surface potential is given by (see Appendix A.2) Vey(r
= D) = —2lg7 In(xD) and the condition for DH to be valid
becomes

1> D > e V2" (12)

This shows that for polymers below the Manning
threshold, which means for weakly charged polymers
with 7l g < 1, there is a wide range of salt concentrations
for which the condition eq 12 can be fulfilled. For
strongly charged polymers, with zlg > 1, this range
becomes very small for the case kD < 1. On the other
hand, in the limit kD > 1 the asymptotic behavior of
the cylinder surface potential is given by (see Appendix
A.2) Vgyi(r = D) = Igt/(xD) and the condition for DH to
be valid becomes

kD > lg (13)

This shows that in the high-salt case, kD > 1, there is
a wide range of salt concentrations where the Debye—
Huckel approximation is valid even if the polymer is
well above the Manning threshold. In all what follows,
we restrict ourselves to the regime where the conditions
eqs 11—13 are fulfilled.

C. Many-Chain Effects. In this section we general-
ize the discussion of the single-chain adsorption and
consider the effect of interactions between different
adsorbed polymers (or between different parts of one
long adsorbed polymer, which is, for the present level
of the discussion, the same). A strongly adsorbed, flat
polymer phase can form a disordered surface pattern
with many chain crossings, characterized by a certain
mesh size B which corresponds to the average distance
between chain crossings. We distinguish two different
cases: if the effective persistence length les is larger the
mesh size, we obtain a disordered uncrumpled phase,
as depicted schematically in Figure 2a; if the effective
persistence length is smaller than the mesh size, we
expect a phase which is crumpled between consecutive
chain crossings, as depicted in Figure 2b. We also
anticipate a lamellar phase where different polymer
strands are parallel locally, characterized by an average
lamellar spacing B, as shown in Figure 2c. The lamellar
phase is stabilized either by steric or by electrostatic
repulsions between neighboring polymers; we will in fact
encounter both stabilization mechanisms for different
values of the parameters.

We now calculate the free energy and other charac-
teristics of these adsorbed phases. In all the following
calculations, we assume that we are inside the adsorbed
regime of a single polymer, as discussed in the previous
section. In this case it is justified to neglect the repulsive
free energy contribution due to the single-chain confine-
ment, eq 3, and only consider the attractive component.
We basically assume, later on, that the desorption
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Figure 2. Schematic top views of the different adsorbed
surface phases considered: (a) disordered uncrumpled phase,
with an average mesh size B smaller than the persistence
length, exhibiting an average density of chain crossings of ~
1/B?; (b) disordered crumpled phase, with a mesh size B larger
than the persistence length; (c) lamellar phase, with a lamellar
spacing B smaller than the persistence length.

transitions obtained for the single-chain case also
describes many-chain adsorption.

Smeared-Out Limit. As we show in Appendix A.5, the
electrostatic self-repulsion of an adsorbed polymer layer
with a typical mesh size or lamellar spacing much
smaller than the screening length exactly equals the
self-energy of a smeared-out charge distribution. Strictly
speaking, we demonstrate this in Appendix A.5 explic-
itly for a parallel and a square pattern, but we believe
that the result remains true for any pattern, including
disordered and crumpled ones. The smeared-out limit
is therefore a universal limit which is obtained for any
adsorbed phase when the typical length scale of the
polymer structure becomes smaller than « 1.

The adsorption energy per unit area of a smeared-
out charge distribution of thickness 6 and surface charge
density o' follows from the electrostatic potential in eq
A6 as

dxlgoa’ s Anlgoo'(1 — e

= — TKZ —
att (3/( 0 € (3[(2 (14)

where o denotes the substrate charge density. Minimiz-
ing the sum of the attraction to the substrate and the
repulsion due to self-interaction within the adsorbed
layer, egs 14 and A24, the ratio of the adsorbed surface
charge density and the substrate surface charge density
follows as

I 2 1 . *(5)(
g _ _Z)a( e’ (15)
O (e — 1+ 20K)

which is graphically represented in Figure 3. In the
limits of very small layer thickness, dx — 0, and very
large layer thickness, ok — oo, the adsorbed charge
exactly compensates the substrate charge; i.e., we find
o ~ o. There is slight charge reversal for intermediate
values of the layer thickness, with a maximal adsorbed
charge of ¢’ ~ 1.14¢0 for 0 ~ 2.2«~1. According to our
scaling results for the polymer adsorption threshold, the
equilibrium layer thickness is of the order of the
screening length or smaller. This means that in the
smeared-out limit, we predict a rather small over
charging of about 10%. Clearly, the upper bound for the
adsorbed amount is reached when the layer is close-
packed, i.e., when ¢ =~ /D, which leads with the
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Figure 3. Ratio of the adsorbed surface charge density ¢’ and
the substrate surface charge density ¢ as a function of the
rescaled thickness ¢ of the adsorbed layer, obtained within a
mean-field model where lateral charge correlations are ne-
glected and the charge distribution is smeared out. There is a
slight overcharging for layer thicknesses of the order of the
screening length.

approximate relation ¢ ~ o to an overfilling of the
smeared-out phase for ¢ > oq with

Ogun ~ /D (16)

Disordered (Uncrumpled) Case. We suppose now that
the typical distance B between crossings is smaller than
the effective persistence length (and that polymer
strands are essentially straight between consecutive
crossings as depicted in Figure 2a) but larger than the
screening length, i.e. k™1 < B < l. In this case the main
contribution to the electrostatic self-energy of the ad-
sorbed layer comes from crossings and the repulsion
between parallel strands can be neglected, as detailed
in Appendix A.5.iii for the case of an ordered square
pattern. The free energy density is given by

f..=2W_,/B+W_ /B> 17
dis ads

Cross
where the density of crossings is approximately B2,
Wags denotes the electrostatic adsorption energy per unit
length (calculated in Appendix A.3), and Wcoss denotes
the electrostatic energy of a chain crossing (calculated
in Appendix A.4). For Dk < 1 the free energy density is
given by (using egs Al5 and A18)

fue = —4alg ! 00" + algiH(0)? (18)

where we used the fact that the surface charge density
of the adsorbed phase is ¢' ~ 27/B. Minimization leads
to

o =20 (29)

which means that the adsorbed charge overcompensates
the substrate charge exactly by a factor of 2. This factor
2 of course may depend on our approximation of
perpendicular crossings. We believe however that all our
conclusions are not changed by a more accurate descrip-
tion of the crossings. The equilibrium mesh size follows
as B ~ 7/0. The threshold for overfilling is B ~ D and
therefore is the same as given in eq 16 for the smeared-
out case. Clearly, the free-energy expression eq 17 is
only accurate and thus overcharging is expected only
as long as the mesh size is larger than the screening
length; if the mesh size becomes smaller than the
screening length, a smeared-out adsorbed layer is
obtained leading to exact charge compensation. The
condition for charge reversal thus is B ~ /o > «1, which
can be reexpressed as o < orey With

Oy ™~ TK (20)
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This has, up to numerical prefactors, the same scaling
behavior as the image charge-induced desorption tran-
sition eq 9. For o > oy, ONe crosses over smoothly to
the smeared-out case, where the adsorbed charge den-
sity exactly compensates the substrate charge. The
equilibrium adsorption energy density equals the
smeared-out adsorption energy and is given by fgis ~
fsmear ~ —lgx~102.

Lamellar Phase. We now consider the case where the
adsorbed polymer forms a 2D lamellar phase; we as-
sume that the distance between neighboring polymer
strands, B, is much smaller than the effective persis-
tence length, B < I (this assumption is checked self-
consistently at the end). Since the possible conforma-
tions of the adsorbed polymers are severely restricted
in the lateral directions, we have to include, in addition
to the electrostatic interactions, a repulsive free energy
contribution coming from steric interactions between
stiff polymers.20 The total free energy density is given

by

Wads 1 Ieff
lam = B + | 13 B5/3 In E + frep (21)

eff

where the second term is the entropic Odijk repulsion
and frep is the electrostatic repulsion of a lamellar array
calculated in Appendix A.5.

For D < 71 < B* < B (with some crossover length
B*), the electrostatic repulsion between the polymers
is irrelevant, and the effective free energy density can
be written as (using eq A15)

lBOT 1 Ieff
f|am ~ — E + W In(E (22)

The lamellar phase is sterically stabilized in this case,
and the preferred lamellar spacing is given by

tolsl

K B'eff

Bg ~ 7 In( )
ol K

T Bleff

3/2

(23)

In all what follows, we neglect the logarithmic cofactor.
The free energy density in the equilibrium state is fs; ~
—letH2(tlgolk)®2. Comparing this free energy with the free
energy of the disordered phase, fgis ~ —lgc~10?, the
sterically stabilized lamellar phase is favored for o >
ost ~ k3lg3ler 177>, The adsorbed surface charge density
in the sterically stabilized lamellar phase is ¢’ ~ ©/Bg
and can, with the expression for Bs, eq 23, and the
definition for os; be written as

o =0 (1)1/2 (24)

Ost

showing that the sterically stabilized lamellar phase is
always overcharged when thermodynamically stable,
i.e., when o > 0.

For D < «~1 < B < B*, we expect the steric repulsion
between the polymers to be irrelevant, and the effective
free energy density is (using eqs Al5 and A27)

lgor lgr?e™®
fun =~ * g )
This leads to the electrostatically stabilized lamellar

spacing
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B, ~ « " In|% (26)

el

The adsorbed charge density then follows from ¢’ ~ 7/Bg
as
"o *
0 ~0—— 27)
In(tko™ ™)

Therefore, the electrostatically stabilized lamellar phase
shows charge reversal as long as the spacing B is larger
than the screening length. The free energy density
scales as foi ~ —lgro/In(zko™t). The crossover between
the sterically stabilized lamellar phase, described by egs
22 and 23, and the lamellar phase which is stabilized
by electrostatic repulsion, egs 25 and 26, is determined
by Bst ~ Be = B* leading to a crossover determined by
(without logarithmic cofactors)
5/3

L (28)

Ostrel ™ | 1/3|
Tett '

This transition is exactly the same as the adsorption
threshold in eq 5. It follows that the sterically stabilized
lamellar phase only occurs in a logarithmically small
window. For o > osyel, the distance between neighboring
polymer strands is smaller than B* and the electrostatic
stabilization mechanism is at work; for o < osyel, the
lamellar spacing B is larger than the characteristic
crossover length B* and the Odijk repulsion dominates.
The electrostatically stabilized lamellar phase crosses
over to the smeared-out (compensated) phase when B
as given by eq 26 becomes of the order of the screening
length «~1; this leads to the same transition threshold
as the charge reversal transition, given in eq 20. The
same transition threshold is found by comparing the free
energy of the electrostatically stabilized lamellar phase
with the disordered phase. This means that the disor-
dered, the lamellar, and the smeared-out phases become
simultaneously degenerate at the charge-reversal tran-
sition determined by eq 20. We thus expect the lamellar
phase to be realized for o < o, and the compensated
phase to be stable for o0 > ory. On the other hand, we
expect the sterically stabilized lamellar phase to crumple
when Bg as given by eq 23 becomes larger than the
effective persistence length le. This threshold is not
reached within the adsorbed phase; an adsorbed lamel-
lar phase is therefore not crumpled.

In experiments on DNA adsorbed on oppositely charged
substrates one typically observes a lamellar phase.8® In
one experiment, the spacing between DNA strands was
found to increase with increasing salt concentration.®
One theoretical explanation invokes an effective inter-
action between neighboring DNA strands mediated by
elastic deformations of the membrane, which forms the
substrate in these experiments.?® In the sterically
stabilized regime, the distance between adsorbed poly-
mers increases as Bt ~ «32 with the salt concentration,
see eq 23, which offers an alternative explanation for
the experimental findings. It would be interesting to
redo DNA adsorption experiments on rigid substrates,
where the elastic coupling to the membrane is absent.

Crumpled Phase. The crumpled phase obtains if the
mesh size B is both larger than the effective persistence
length and the screening length, in which case the
polymer crumples between consecutive crossings. Al-
though the crumpled phase does not appear in our phase
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Figure 4. Complete adsorption phase diagram as a function
of the substrate charge density o and the inverse screening
length «. Note that we use logarithmic scales on both axes.
We find a desorbed regime, an adsorbed lamellar phase (which
is strongly overcharged), an adsorbed charge-compensated
phase, and a full phase, where the substrate charge cannot
be compensated with a single adsorption layer because the
layer is close-packed. Our approximations to calculate the
adsorption free energies are the Debye—Huickel approximation
and the assumption that the polymers have vanishing thick-
ness. These assumptions are only valid inside the region
bounded by the broken lines.

diagrams, we discuss briefly its characteristics. Denot-
ing the contour length between two consecutive cross-
ings as L, the mesh size is given by B ~ l/4L34, where
we used the exact swelling exponent v = 3/4. The free
energy density reads

f, = 2W 4 L/IB® + W, . /B* (29)

For Dk < 1 the free energy density is

lgot g7
for=— | L2 12 + | 12| 32 (30)
Kl Klefs

which upon minimization leads to L ~ 7/o and thus By,
~ le"4(7/0)%*. The adsorbed surface charge density can
be determined via ¢’ = rL/Bfr and is given by

o= ¥ (31)
Ieff

This can be rewritten as ¢’ = o(L/le)2, which clearly
demonstrates that the crumpled phase (which is defined
by the fact that L > leg) is always overcharged. The free
energy density is fo ~ —lge 12032 lg2.

I11. Phase Diagram

In Figure 4 we present the adsorption phase diagram
for strongly charged polymers, defined by z(Iglg)Y/2 > 1,
as a function of the substrate charge density o and the
inverse screening length «. We assumed in our discus-
sion that the screening length is not too small; i.e., we
restricted ourselves to the regime «lg < 1. This boundary
is denoted by a broken line. For «lg > 1 the electrostatic
interaction becomes effectively short ranged, and the
present scaling description is not reliable. The region
of validity of the DH approximation on the substrate
surface is given by o < «/lg according to eq 11 and
denoted by a broken line. We always assume that Iy >
Iz, a condition which is fulfilled in most practical cases,
given that the bare persistence length of even the most
flexible polymer comprises a couple of monomers due
to fixed bond angles and hindered rotations. In the
following we briefly discuss the most important scaling
boundaries in the phase diagrams. We also assume the
monomer radius D to be of the order of the Bjerrum
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length Ig. This eliminates one further parameter, and
it is a fairly accurate approximation for most polymers;
it also means that we do not consider screening lengths
smaller than the polymer diameter.

As discussed in details in Appendixes B and C,
polyelectrolytes have for high values of their line charge
density 7 and screening length «~1 an effective persis-
tence length les much higher than their bare persistence
length lo. In the last section we calculated free energies
and phase boundaries as a function of the effective
persistence length lesr. Here we clarify to which extent
this persistence length is modified by charge effects.
Within our notation, it follows that for « < i« = tlg!?/
012 and z(lglo)¥? > 1 (the latter condition we always
assume to be true in this paper) the effective persistence
length It is larger than the bare persistence length and
given by losg = lgr2c2/4 (see Appendix B). For k > i,
the effective persistence length equals the bare persis-
tence length, i.e., ler ~ lo.

The transitions from the lamellar phase to the des-
orbed phase are given in eqs 9 and 5. The crossover
between the two transition lines occurs at «« ~ 73|g3/2ly1/2
and at a surface charge density oim given in eq 10. The
lamellar phase is always electrostatically stabilized (up
to a logarithmically narrow strip of the sterically
stabilized phase close to the desorption transition) and
shows strong charge reversal. The boundary to the
compensated phase is given by eq 20. We predict a
compensated phase which is not full for the parameter
range orev < 0 < ofy as determined by eqgs 16 and 20.
We note that since the full phase is not charge reversed,
the full phase exhibits a second adsorbed layer (or even
more layers). It should however be clear that, at some
point, the effective substrate charge density an ad-
ditional layer feels is so small that the condition for
adsorption is no longer met. The screening length where
the electrostatic persistence length dominates over the
bare persistence length is determined by «** =
7l g2/l 412, and with our initial assumption that 7(Iglp)Y/2
> 1 we have lg™! < k=« < k+, which means, at low enough
salt concentrations such that the electrostatic chain
stiffening becomes relevant, the desorption transition
is induced by image-charge effects. The desorption
transition meets the transition to a full adsorbed phase
at ik« = 195115, as follows by comparing eqgs 9 and 16.
There is a large region where the smeared-out calcula-
tion is valid, and the polymer forms a surface phase
which is charge compensating and not close-packed. The
location of the line « ~ Iz~ with respect to the charac-
teristic inverse screening lengths «+ and «++ depends
on the value of the ratio lo/ls. For the phase diagram
shown in Figure 4, we assumed i« < k= < Ig71; i.e., we
assumed (lo/Ig)?® > 72glo. This is the most general phase
diagram, since it features both the desorption transition
due to image-charge and entropic effects, for « < «+ and
K > K+, respectively, from a phase which is not full. For
many strongly charged and stiff polymers, as for ex-
ample DNA, one in fact finds Ig™1 < xx < i« and thus
the desorption transition is always induced by image-
charge effects. In this case the broken vertical line is
moved to the left and the transition values xx+ and &«
are outside the validity of our calculations.

The most important result is that there is a region
where the substrate charge is strongly reversed and
thus can give rise to multilayer formation if the adsorp-
tion of oppositely charged polymer is done in a second
step. This charge reversal takes place in the form of a
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Figure 5. Schematic charge density distribution in a multi-
layer. We assume all layers to have the same thickness ¢ and
the adsorbed sublayers to have charge densities of the same

magnitude p. The charge density of the top layer is denoted
as p'.

lamellar phase. The general trend that emerges is that
charge reversal is more likely to occur for high salt
concentrations and rather low substrate charge density.
For too high salt concentration and too low substrate
charge density, on the other hand, the polymer does not
adsorb at all. In essence, the salt concentration and the
substrate charge density have to be tuned to intermedi-
ate values in order to create charge multilayers.

The adsorption diagram presented in Figure 4 has
been obtained at a scaling level. In some cases the
precise stability of the phases would require a precise
calculation of the prefactors for the transition lines. We
have made use of the calculated prefactors in our very
rough approach. It should be noted, however, that, in
some regions of the adsorption diagram, the phases are
degenerate (at the scaling level) and that thermody-
namically metastable phases could well be observed in
practice.

IV. Scaling Limits for Multilayer Formation

In the preceding sections we have discussed the
adsorption of semiflexible polymers on a homogeneously
charged substrate. We have seen that there is a whole
range of parameters for which the charge of the ad-
sorbed polymer phase overcompensates the substrate
charge. This charge reversal is interesting for several
applications, as we briefly discuss in the summary. We
saw that overcharging is always accompanied by a
screening length «~1 which is smaller than the typical
mesh size B of the adsorbed layer (otherwise we can use
the smearing-out approximation and always obtain, up
to numerical factors of the order of unity, see eq 15,
charge compensation). In this section we present some
simple scaling results for the formation of multilayers.
First, we show that multilayers do not form if the mesh
size of the adsorbed polymer networks is smaller than
the screening length. For this, we again use the smear-
ing-out approximation. It thus follows that for the
adsorption of a polymer layer on an oppositely charged
adsorbed polymer layer (which plays the role of a
substrate) the lower polymer layer cannot be regarded
as homogeneously charged. Consequently, we present
a simple scaling description of the adsorption of a
polymer layer on an oppositely charged polymer layer,
in section IV. B.

A. Smeared-Out Layer. The difference with the
calculation for the adsorption of a smeared-out polymer
distribution on a substrate is that now we can neglect
substrate effects that are connected to image-charge
effects and the impenetrability of the substrate for salt
ions. The electrostatic interaction is therefore given by
the bulk Debye—HoUuckel interaction, vpy = lge™"/r. In
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Figure 6. Result for the optimal rescaled charge density p'/p
of the top layer of a smeared-out multilayer as a function of
the rescaled layer thickness dx. The charge density ratio is
always smaller than %/,, which means that a smeared-out
multilayer, which is a multilayer with a lateral meshsize
smaller than the screening length, only supports a small
number of layers.

the following we consider the adsorption of one polymer
layer on an existing, charge-oscillating multilayer,
which we assume to consist of individual polymer layers
of thickness 6 and volume-charge density p. We fur-
thermore assume the top layer to have the same layer
thickness 6 and calculate the volume density of the top
layer which we denote by p'. The charge density
distribution is schematically plotted in Figure 5. The
self-repulsive energy per unit area of the top layer is
given by

. 275(9')2'3

rep

[Pdz [Pdz e @D (32)

K
which leads to the result

_ ZW(P')le

rep 3
K

(™% — 1+ k) (33)

The interaction energy between the top layer and all
adsorbed sublayers can be written as

p'l

——— [P dz [ dz e (34

00

far=—) (-e

—(5K)i

where the sum takes into account the interaction of the
top layer with all layers underneath. One notes that the
oscillating charge distribution requires a minus sign in
the parentheses, giving an attractive interaction with
the nearest-neighbor layer, a repulsive interaction with
the second-nearest-neighbor layer, and so on. Using that
Yo (—p)i = 1/(1 + p), the total interaction is

27pp'lg

fu=———5— (1 —e??@+e™" (35
K

The charge density of the top layer, p', follows by taking
a derivative of the total free energy density f = fa +
frep With respect to p' and reads

p_, _ (1 _ e*éK)Z
P2 +e (e -

1+ k) (36)

In Figure 6 we plot the charge density ratio p'/p as a
function of the rescaled layer thickness d«. This ratio
approaches a value of one-half, as the layer thickness
becomes much smaller than the screening length, and
monotonically decreases to zero as the thickness in-
creases. We therefore obtain the important result that
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a smeared-out multilayer does not lead to the adsorption
of a top layer with the same charge density as the layers
underneath and thus does not lead to the propagation
of charge oscillation. This result is related to the fact
that we assume that salt ions penetrate into the
multilayer, which effectively screens all electrostatic
interactions. But we note that even if we do not allow
salt ions to enter the multilayer (which corresponds to
« = 0), we obtain the asymptotic ratio of p'/p = /2, which
is still not sufficient to generate a multilayer structure.
We thus have to consider the possibility of a multilayer
with a lateral structure with a mesh size larger than
the screening length, as done in the following section.

A second way to generate a larger charge of the top
layer would be to induce some vertical charge separation
in each layer, for example by having a bimodal vertical
charge distribution in each layer which is peaked at the
top and the bottom. Experimentally, this could be
achieved by using polymers which have charged groups
which are not distributed evenly around the polymer
but which point in two opposite directions. If the
polymers orient with the charged groups pointing
normal to the substrate, a stronger overcharging should
result. Such detailed architectural questions we will not
consider further in this paper. A third way to stabilize
multilayers involves short-ranged, non-electrostatic at-
tractions between polymers. This point is particularly
important for polyelectrolytes with hydrophobic back-
bones, as will be detailed in subsequent publications.

B. Discrete Case. As for the case of a homogeneously
charged substrate, we distinguish between a disordered
(uncrumpled) phase as depicted in Figure 2a with a
mesh size B, where the average surface charge density
is given by o’ = 21/Bgjs, and a disordered crumpled phase
as depicted in Figure 2b, where the average surface
charge density is 0’ = 2L1/B? = 27/B¢?"les!/® where we
have used B = lef*L34. We do not explicitly consider
the case of a lamellar adsorbed phase (our results in
the previous sections show that, on a scaling level, there
is no difference between a lamellar and a charge-
reversing disordered phase, and more importantly, a
lamellar structure leads to complicated effects which
have to do with the coupling between consecutive
layers). In the limit that the mesh size is larger than
the screening length, the repulsive self-energy of an
adsorbing layer is dominated by crossings and thus
given by frep = Weross/B? leading to

()
frep = Weross F (37)
for the disordered (uncrumpled) phase and
(0')3| ff
frep = Cross 81_38 (38)

for the crumpled phase. The attractive energy between
the substrate layer and the adsorbing layer is

]

(0102
fatt = Wcross 2_1_2 (39)

regardless of whether the adsorbing phase is crumpled
or not, where o is the average surface charge density of
the lower polymer layer. Minimizing the effective free
energy density f = frep + fare With respect to the charge
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density of the adsorbing polymer layer, o', we obtain
o =0 (40)

for the uncrumpled phase and

. 4t
o=o0 3.0 (41)

for the crumpled phase. For the uncrumpled phase, we
see that the adsorbed layer has the same surface charge
density as the substrate layer. Assuming that the
screening length is of the order of the distance between
consecutive adsorbing layers, such that repulsive inter-
actions between next-nearest-neighbor layers are un-
important, multilayers can form. Interestingly, we see
that the specific form of Wrss, Which depends on the
monomer size, line charge density, and so on, does not
enter into the results for the adsorbate charge density.
The crumpled phase is only realized for B > lg, which
is using eq 41 equivalent to t/leo > 1. This means that,
since the factor in the square root in eq 41 is larger than
unity, the charge of the adsorbed layer is larger than
the one of the lower layer. Multiplying both sides of eq
41 by 3les/47, one obtains the equation

3leg0’ 3lo
4ar N 4 (42)

which can be interpreted as a nonlinear map relating
the lower layer charge density with the (upper) adsorb-
ing layer charge density. If one assumes that a large
number of layers adsorb, one can easily see that the
charge of each adsorbed layer increases until the
threshold between the crumpled and uncrumpled phase
is reached, i.e., until

Bleo"  Bleo
4t 4t

(43)

and thus B = I is reached, which is a fixed point of
this nonlinear map. It thus seems that, once one allows
for a sufficiently coarse adsorbed layer structure with
a mesh size larger than the screening length, the
formation of charge oscillating multilayer is unavoid-
able. Of course, one has to keep in mind that still the
conditions for the formation of an adsorbed layer, which
have been presented in the preceding sections, have to
be satisfied.

V. Summary

In this article we treat the adsorption of strongly
charged semiflexible polymers with z(Iglp)¥2 > 1 on flat,
oppositely charged substrates. Multichain effects are
taken into account on a simplified scaling level. We
explicitly include lateral correlation effects by consider-
ing different lateral layer organizations. All electrostatic
interactions are treated within the Debye—Huckel ap-
proximation, which limits the applicability of our results
to a rather narrow window in the parameter space. On
the other hand, the restriction to DH allows us to treat
all electrostatic interactions consistently on the same
level. We obtain adsorbed phases which are confined
over a vertical thickness less than the screening length.
As adsorbed phases, we obtain a lamellar phase, which
can be stabilized by either electrostatic or steric lateral
repulsions, and a disordered phase. If the average mesh
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size or lamellar spacing of the adsorbed phase is smaller
than the screening length, we obtain charge compensa-
tion; i.e., the charge of the adsorbed phase exactly
compensates the substrate charge (up to numerical
factors of the order of unity). If, on the other hand, the
typical mesh size is larger than the screening length,
strong charge reversal occurs. This charge reversal for
example allows, in a subsequent adsorption process of
oppositely charged polyelectrolytes, for the formation of
multilayers. Charge reversal is also a driving force for
the controlled flocculation of colloidal dispersions, since
a second colloidal particles which carries no adsorbed
polymer would electrostatically bind to the overcharged
region. It is clear that flocculation occurs when the
overall concentration of polymer in the solution is low
such that only part of the colloidal surface area is
covered with polymers. On the other hand, in the case
of excess polymer, the total charge of colloidal particles
can be reversed and thus lead to enhanced stabilization
of colloidal dispersions. As our main result, we present
the complete adsorption phase diagram as a function
of the inverse screening length and the surface charge
density; see Figure 4.

The charge reversal mechanism discussed here is
complementary to the charge reversal seen in mean-
field and self-consistent type calculations:2527 There
charge reversal is due to the fact that the adsorbed layer
extends into the vertical direction over a distance
comparable to or larger than the screening length, in
which case the charge reversal is caused by dangling
loops and tails. In the present case of strong adsorption,
i.e., where one has a practically two-dimensional mono-
molecular layer of adsorbed polymers, it is important
to not use a mean-field description of the layer, treating
the charge as smeared-out, but to treat lateral correla-
tions between the adsorbed polymer strands. We ne-
glected nonelectrostatic interactions between the poly-
mers and the substrate. If these interactions are
attractive, they can lead to overcharging of the substrate
even if the adsorbed layer can be treated as a smeared-
out charge distribution. The description adopted here
seems best to fit experiments on adsorption of DNA on
membranes and flat substrates,® 19 but flat adsorbed
layers have also been reported for strongly charged
synthetic polyelectrolytes.”11.12

Appendix A: Electrostatic Interactions

In the presence of a solution of mobile salt ions,
electrostatic interactions are exponentially screened for
large separations. Two point charges interact via the
Debye—Huckel potential

—Kr
Ize

r

vpu(r) = (A1)

where the screening length «* is defined via x? = 4xlgl
and the ionic strength of a symmetric ionic solution of
valency z and concentration c is | = 2z%c. In the vicinity
of a solid substrate, the simple Debye—HoUickel potential
in eq Al is modified due to dielectric boundary effects
and because salt ions cannot penetrate into the sub-
strate. For a substrate of dielectric constant ¢ the
electrostatic interaction between two unit charges is
defined via the 2D Fourier transformation

o, 1) = J7" L p3yfprlion(z 7. p)  (A2)
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where Jg is the zeroth-order Bessel function and the
Green’s function reads3®

iDH(L Zl! p) =

27tlg ~-ZIVitp? | VK ViP+p? — €ple o@DV

\/K2+p Vi2+p® + €ple
(A3)

In general, the DH interaction in the presence of a wall
is quite complicated and the integral in eq A2 can only
be calculated explicitly for certain limits. For solids with
a dielectric constant much smaller than the dielectric
constant of water, it is permitted to approximately set
€'le = 0, in which case the DH interaction at an
impenetrable wall becomes

[Le <Ir=r | efx\/(rfr’)2+4zz’

~ N _ B B

Vpu(r, ') = Tt (A4)
r=rl Jr—vry?+azz

The potential at contact, i.e. z = z' = 0, is twice the
ordinary DH potential in eq Al, and for large separa-
tions from the substrate the interaction smoothly goes
over to the ordinary DH potential. In most cases and
relatively close to the wall, it is therefore sufficient to
consider the effect of a low-dielectric wall by an en-
hancement factor of 2 over the ordinary DH potential,
i.e., to assume that vpu(r, r') ~ 2vpu(Ir — r'|). For a
metal, on the other hand, the dielectric constant is
practically infinity, and the interaction between two
charges is

| —k|r—r'| | —kA/ (r—r")2+4zz'
- , g€ €
Vpu(r, r) = - (A5)

r=r V(r = r')? + 4zz'

Close to the wall, the two terms in eq A5 cancel and
electrostatic interactions become very small.

The potential created by a constant surface charge
density o, which follows from eq A3 as Vpane(z) =
ovpn(z, Z = 0, p = 0), reads

Voiane(2) = 4ntlgox e (A6)
and is independent of the substrate dielectric constant.
Note that the total interaction of a charge with a
substrate always contains additional self-energy con-
tributions, which are calculated in the next section.

1. Self-Energy of a Charged Polymer at a Sub-
strate. The self-energy of a charged polymer in the
vicinity of a solid substrate contains a repulsive contri-
bution, due to the decrease in screening because there
are no ions inside the substrate, and a contribution, due
to dielectric boundary effects, which can be attractive
or repulsive. Per unit length of the polymer, this self-
energy is as a function of the distance from the substrate
given by?3®

dpx dp
foer(2) = 2f f -2

e"’vs iDH(z, z, /P’ +p,)f) (A7)

Using Green'’s function eq A3 and subtracting off the
self-energy infinitely far away from the substrate, we
obtain for the self-energy difference
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V¥ + p® — €ple o2V

2 ‘/Kz +p? + €ple

self 2 L/(; \/
TP

(A8)

In the limit ¢'/e = 0, which corresponds to a substrate
with a very small dielectric constant, the integral gives

Afgi(2) = |BTZK0[2’<Z] (A9)
For small arguments the Bessel function goes like
Ko[x] ~ — In(x). If one neglects the logarithmic factor,
the repulsion is of the order of Igz2. In the limit €'/e = o,
corresponding to adsorption on a metal substrate, we
obtain the same result as in eq A9 but with a negative
sign. In this case, there is an overall attraction to the
substrate (even if the substrate is not charged). If the
dielectric constants of the fluid and the substrate are
the same, we obtain

Afself(z) =
2
BT 1+ 2z -2 K,[2xZ]
- Kol2kz] +K,[2«Z] —Zsz e + e
(Al10)

For small separation, we obtain from eq A10 the
asymptotic expansion Afees(z) = Ig72(*/>» — 4z«/3), and for
large separations, the result is Afgi(z) = Igr2e=2%
v ml4zk. There is therefore a strong repulsion from the
wall, which is for small separations of the order of Igz?
per polymer unit length and which is due to the fact
that there are no mobile ions inside the substrate. This
repulsion is therefore solely due to the absence of
screening in one-half space.

2. Surface Potential of a Charged Cylinder. The
reduced potential created by a charged line with line
charge density 7 at a distance r is within the Debye—
Huckel approximation given by

Vie(r) =7 [ ds vp(Vr? + 5%) = 2lgK [xr]  (A11)

With this result, the surface potential of a cylinder of
finite radius D and surface charge density 7/(2zD) (and
neglecting image charge effects and the impenetrability
of the cylinder for salt ions) follows as

V(r = D) = 2lgr fjﬂg—i K,[2«D sin(¢/2)] =
217K [kD]I,[D] (A12)

Using the asymptotic expansions of the modified Bessel
functions Ko and I, the limiting forms of the surface
potential are V(D) = lg7r/(xD) and V(D) = —2lgt
In(kD) for kD > 1 and «D < 1, respectively.

3. Adsorption Energy of a Cylinder on a Charged
Plane. Using the reduced electrostatic potential created
by a homogeneously charged plane with surface charge
density o, eq A6, the attraction between a charged rod
of radius D and surface charge density 7/(2zD) and a
charged wall is per unit length given by

27 d
Wads(z) T ﬁ Vplane(z + Dcos¢) (Al3)

where z is the distance between the cylinder center and
the surface. The integral gives



Macromolecules, Vol. 32, No. 26, 1999
W,(z) = —4algc ™" ol [kDle ™ (A14)

The limiting results for the attraction at contact, i.e.
for Wags(z = D), are

—47lgroT for kD < 1

W ~
ads —V8rlgk ¥0tD™M?  for kD > 1

(A15)

4. Two Crossing Cylinders. The repulsion between
two perpendicular charged lines with a closest distance
of ris

—kA/ $12+52+r?
e 15+s2

VsP+ s+ r?

(A16)

Wi0ss(n) = lg7® [ ds, ds,

leading to the closed-form result®’
W, oes(r) = 277157 it €7 (A17)

In the limit r — 0, that is when the cylinders touch, this
leads to

W, oss = 27lgT°k = 87l ggpic (A18)

cross
where we used the definition eq C3 for the electrostatic
persistence length losg = lgr?/4«2. If the two crossing
cylinders are close (within a screening length) to a low-
dielectric substrate, the crossing energy is enhanced by
a factor of approximately 2 (compare the discussion in
the beginning of this section). If, on the other hand, the
crossing cylinders are close to a metal, the crossing
energy is exponentially small. The crossing energy of
two touching cylinders of finite radius D with the
charges smeared out over the cylinder surfaces is

22 Aoy dep,
—— X
2
0 vk
ﬂ(\/ $12+5,2+D2(2-+Cc0S¢p1+C0S¢h)2

Weross = lg7° . ds, ds,

cross —

e
Jsi2 + 5,2 + DX(2 + cos ¢, + cos p,)?

(A19)

Using the result eq A17 we obtain

2
IBT 27

Weross = 271 JO

d¢1 dd’z efKD(2+cos¢1+cos¢2)
(A20)

In the limit xD < 1 we are led back to eq A18. In the
opposite limit, kD > 1, we obtain with a straightforward
saddle-point analysis

l?  lose (A21)
cross K2D D
In an adsorbed layer with many chain crossings, the
structure is disordered and the crossings are not exactly
perpendicular. For a finite crossing angle, the crossing
energy has a similar scaling behavior but with an
angular factor. The averaging over the crossing angle
may then only change the prefactor in eq A18.

5. Electrostatic Self-Energy of Adsorbed Poly-
mer Layers. i. The Smeared-Out Case. The repulsive
free energy per unit area of a smeared-out charge
distribution of surface charge density ¢’ and thickness
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_ @) . D
rep _Eﬂ) dz dz' o,z 2, p=0) (A22)
From eq A3 we obtain straightforwardly
27l , .
Tou(z 2, p=0)=—— (" +e T (A23)
and thus from eq A22 the final result

mg(@)? .

e = % (€72 — 1 4 20x) (A24)

K
with the limits frep ~ 27lg(0")%c ™1 for 6 < x* and frep ~
27lg(0")? 0 42 for & > k1.

ii. Parallel Polymers. The repulsive electrostatic free
energy density of an array of parallel lines with a
nearest-neighbor distance of B and line charge density
7 can with the result for the potential of a charged line,
eq All, be written as

f il Zm K,[iBx)] (A25)
= —— K
rep B P4 0

This expression is also accurate for rods of finite radius
D as long as D < B holds. In the limit Bk < 1, when
the distance between strands is much smaller than the
screening length, the sum can be transformed into an
integral and we obtain

gt
B2

2|B”L'2 -

o =g J5 ds Ky[sBw)] = (A26)
This expression neglects effects due to the presence of
a solid substrate. As discussed above, for a low-dielectric
substrate the electrostatic interactions are enhanced by
a factor of 2 close to the substrate surface. Since the
average surface charge density is given by ¢' = 7/B, it
follows that the self-energy eq A26 in the limit Bk < 1
is given by fep = 7lg(0”)? ! and thus identical to the
asymptotic result for the smeared-out case, eq A24, if
one corrects by the factor of 2 for the substrate influence
on the electrostatic interaction.

In the opposite limit, Bk > 1, when the polymers are
much farther apart than the screening length, the sum
in eq A25 is dominated by the first term, and with
asymptotic expansion of the Bessel function the free
energy density becomes

V2ml e

rep = B2, 12 (A27)

In this limit, it is important to note that the smeared-
out repulsive energy eq A24 is much larger and thus
considerably overestimates the actual electrostatic re-
pulsion between polymer strands.

ili. Square Pattern. In this case we assume the
polymers to form a perfectly ordered square lattice with
nearest-neighbor distance B. It is easy to see that the
repulsive energy can be separated into a part coming
from interactions between parallel polymers and a part
coming from perpendicular polymers, i.e., coming from
crossings. Since there is one crossing per area B2, the
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total repulsive free energy is exactly

4'lBT2 > A Wcross
frep = B Z KoliBr)] + ?
=

(A28)

where the free energy of one crossing is given in eqs
Al18 and A21. In the limit Bx < 1 (and, since D < B,
also Dk < 1) we obtain, using the same calculation
leading to eq A26, the simple result

Anlgr®  alg(c)?

rep
B2 K

(A29)

which is identical to the smeared-out result, eq A24, if
we account for the dielectric jump at the substrate
surface by an enhancement factor of 2. Here we used
that for the square pattern the average charge density
is ¢’ = 27/B. In the limit Bx > 1 the contribution coming
from the repulsion between parallel strands is negli-
gible. For Dk < 1 we obtain

; 27l g°  alg(0')?

p = (A30)

B2 2K

which exactly equals half the previous result, eq 29. For
Dk > 1 the resultant repulsive energy is

lkr?  lg(0)?

“B%D  «D

(A31)

rep

Appendix B: Electrostatic Persistence Length
at a Substrate

Here we calculate the chain stiffening due to the
electrostatic repulsion between monomers for a polymer
that is adsorbed on a substrate. To simplify the calcula-
tion, we assume the polymer to lie flat on the substrate
surface. If the dielectric constant ratio €'/ is treated as
an expansion parameter, the electrostatic interaction
between two charges at the surface follows from egs A2
and A3 as

Vpn(n) =
2lge " 2¢l -1
B B

x{ ., _
Ul €r, r 2i?

forr, <« " B1
for r“>>/<71( )

In the limit €'/e = 0 the electrostatic interaction is simply
enhanced by a factor of 2. It follows that the electrostatic
persistence length in this limit is twice as large as in
the bulk case. For finite values of ¢'/e the interaction at
large distances decays algebraically as an inverse cube
of the distance.38 This behavior can be easily understood
because each charge forms at the substrate interface a
dipole consisting of the charge and, at a distance of the
order of the screening length, the neutralizing counte-
rion cloud. Since the dipole—dipole interaction which is
mediated by the substrate half-space is not screened,
we obtain the inverse cubic interaction. The effective
electrostatic persistence length can be calculated from
the electrostatic self-energy of a circle of bending radius
R. Since the total bending energy of such a circle is lesr/
R, the persistence length follows as
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eff

where we subtract the self-energy of a straight polymer
segment of the same length. Since the inverse cubic
interaction leads to a logarithmic divergence for large
distances, we use as an effective cutoff the persistence
length and obtain as the electrostatic persistence length
the result

lerr = 2loge |1 — é + % In[2logex] (B3)
where the persistence length in the bulk is given by losg
= Ig7%/4K2. As one can see, there is a logarithmic
correction to the persistence length, which however, for
most practical cases, since €'/e is typically quite small,
can be neglected.

Appendix C: Scaling Behavior of a Single
Semiflexible Polyelectrolyte Chain

Here we derive the complete scaling behavior of the
effective persistence length of a single semiflexible PE.
This calculation is a trivial extension of the results for
a flexible PE, so we can be brief. The electrostatic energy
of a sphere of charge Q and radius R is We/ksT = 15Q%
R. The exact charge distribution (e.g., constant volume
charge density versus charge distributed on the surface
only) only changes the prefactor of order unity and is
therefore unimportant. For a polymer of length L and
line charge density t the total charge is Q = 7L. The
polymer radius depends in addition on the bare persis-
tence length Iy and reads R = (loL)2. We thus obtain
for the electrostatic energy of a (roughly spherical)
polymer coil We/kgT = Ig72L.32l5-12, The polymer length
at which the electrostatic self-energy is of order kgT,
i.e., We/kgT = 1, follows as

Le = IO(|B|072)72/3 (C1)

and defines the electrostatic blob size or electrostatic
polymer length. We expect a locally crumpled polymer
configuration if L > lo; i.e., if Iz7 < (Is/lo)Y2. Conversely,
for sz > (Is/lp)*2, the polymer remains locally stiff even
for contour lengths larger than the bare persistence
length lp and the effective persistence length is given

by
legr = 1o + lose (C2)

where the electrostatic persistence length, first calcu-
lated by Odijk, Skolnick, and Fixman, is given by

2
lgT

W (C3)

losk =

The electrostatic persistence length of course only
gives a sizable contribution to the effective persistence
length for losg > lp, which is equivalent to Igz > (Iglg)Y2.
For the case where the polymer crumples on length
scales larger than the bare bending rigidity, i.e., for Lg
> |p or IgT < (Is/lo)¥2, the perturbative approach used for
the persistence length losg as given by eq C3 breaks
down, as explained by Joanny and Barrat.®® Still, the
electrostatic repulsion between polymer segments can
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be relevant and give rise to a chain stiffening on larger
length scales, as explained by Khokhlov*® and confirmed
by Gaussian variational methods.*! To that end, one
defines an effective line charge density of a linear array
of electrostatic blobs with blob size Re = (loLer)Y2,

TLeI (Lel)l/2
7= =1+ (C4)
IQel IO

Combining eqs C4 and C3, we obtain the effective
electrostatic persistence length for a string of crumpled
blobs,

113 ~213_2/3
- e e

losp=—""%5— (C5)
K

This electrostatic stiffening is only relevant for Tog- >
Rel, leading to the bound of validity of zlg > «%?2llg1/2.

To summarize: There are three distinct regimes. In
the persistent regime, for Izt > (Iglp)Y?«c and lgr >
(Is/lo)¥2, the polymer takes on a rodlike structure with
an effective persistence length larger than the bare
persistence length and given by the Odijk expression
eq C3. In the Gaussian-persistent regime, for Igz <
(Is/l0)¥2 and tlg > «32lglg?2, the polymer consists of a
linear array of Gaussian electrostatic blobs, with an
effective persistence length larger than the electrostatic
blob size and given by eq C5. Finally, in the Gaussian
regime, for 7lg < «32plg?2 and Igr < (Iglp)*«, the
electrostatic repulsion does not lead to stiffening effects
at any length scale.
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